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Abstract- A neural network model is proposed for the
decision-making process based on the Analytic Hierarchy Pro-
cess, abbreviated as AHP [121. Although there have been many
attempts at developing the neural models of intellectual activities
of human beings, to our knowledge there have been few attempts
at developing the neural model of decision-making process, which
is a typical intellectual activity. By viewing AHP as a model
of decision-making process, we present a neural model of the
decision-making process. Furthermore, we show that the model
also works naturally in more practical situations where we
cannot get all the information to make decision. Finally, we apply
the proposed neural network to some examples and illustrate its
validity through simulations.

I. INTRODUCTION

Many neural models have been proposed for intellectual
activities of human beings, such as associative memory,
speech recognition, natural language understanding, visual
information processing, inference, etc. [4],[8],[16],[l 1],[3].
Decision making is also a typical intellectual activity, which is
involved in everything from political, economic, military, and
enterprise administrative decisions to one's daily judgements.
Although there have been some works on decision-making
by feed-forward neural networks with learning [2], [14], as
far as we know, there have been few attempts at modeling
the decision-making "process" by neural networks. Actually
we find few papers on the neural models of decision-making
process even in IEEE Transactions on Neural Networks.

Decision making is inherently a blackbox, but can be
viewed as a multi-objective satisfaction problem; one selects
one of the alternatives that satisfies all the objectives to the
greatest degree possible. However, the objectives imposed
often conflict with each other. So, it is very difficult to satisfy
all the objectives simultaneously. Suppose, for example, that
we are now selecting one of the high schools, A, B, and C,
which are the alternatives, to enter [12]. We require the high
schools to satisfy the characteristics of Learning, Friends,
School Life, Vocational Training, College Preparation,
and Music Classes, which are the objectives to be satisfied.
As mentioned above, we can see not only that those charac-
teristcs are independent, but also that some of them conflict
with each other. For example, one school may attach greater

importance to school life than to college preparation, while
another may do the reverse. Furthermore, the selection of
a school or the satisfaction with a school also depends on
the relative importance of the characteristics, i.e., on whether
or not one finds, for example, Friends more attractive than
College Preparation. Thus decision making can be viewed
as an optimization problem. How does one select one of
the alternatives that satisfies all the objectives to the greatest
degree possible, i.e., how do human beings make decisions?

Fig. 1. Hierarchy of the School-Selection Problem

Recently, Analytic Hierarchy Process [12], abbreviated as
AHP, has received much attention. Although it was pro-
posed as a decision-making method or a decision-making
support technique, it can also be viewed as the manner
of decision-making process human beings seem to actually
employ. AHP decomposes the decision making into three
kinds of components, alternatives, criteria, and goal, which are
hierarchically structured. The high school selection problem
given above can be hierarchically structured as in Fig. 1 [12],
where the alternatives are three high schools, the criteria are
six characteristics, the goal is satisfaction with the schools, the
importance of Learning, Friends,---, or Music Classes
is represented as 1, f, - - *, or m, respectively, and the satis-
faction of Learning with School A, that of Learning with
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School B,-- , or that of Music Classes with School C is
represented as aL, bL, ... , or CM, respectively.

Then, we calculate the overall satisfaction with each of
the schools for the goal by multiplying the satisfaction of
each criterion with that school by its importance and then
by summing them up over all the criteria. Thus, the overall
satisfaction, SA, with School A, for example, is calculated by

SA=I *aL+f *aF+*--+m*aM. (1)
Finally, we select the school with the greatest overall satis-
faction to enter.

However, it is very difficult to estimate the satisfaction of
the criteria with a school, for example, aL, and the importance
of the criterion, for example, 1. Actually, estimating those
values is decision making itself. If we can easily estimate
them, there is no problem in decision-making. In practical
situations, instead of estimating, for example, aL and bL
directly, we usually give the relations such that
(a) School A and B are equally satisfactory for Learning;
(b) School A is weakly more satisfactory than B for

Learning;
(c) School A is strongly more satisfactory than B for

Learning;
(d) School A is demonstrably or very strongly more satis-

factory than B for Learning; or
(e) School A is absolutely more satisfactory than B for

Learning.
So, AHP requires us to give such relations, which are called
pairwise comparisons, as numeral, 1, 3, 5, 7, or 9 for (a), (b),
* or (e), respectively. For example, (b) is given as aAB = 3,

AB~~~~~~~Awhere aAB~is a pairwise comparison of School A to B with
respect to Learning. We proceed similarly for the importance
of criteria.

Although pairwise comparisons seem intuitively reasonable
and practical, they cause another difficulty because they are
not necessarily consistent with each other. So, how can we
obtain the values, for example, aL or bL, as consistently
as possible from those values of pairwise comparisons such
as aLb? This problem has become one of the main subjects
of AHP. Thus, the decision-making is now converted to the
optimization problem obtaining the values such that aL and
bL satisfying the pairwise comparisons as consistently as
possible.
The hierarchical structure of the components of decision

making and pairwise comparisons not only are the major
features of AHP but also seem to be the characteristic features
of the way human beings actually operate in decision making.
Thus, although AHP has been proposed as a decision-making
support technique, we think it is also a model of decision-
making process that human beings actually employ.

Based on the above insights, in this paper, we propose a
neural network model for a decision-making process based on
AHP, and, in particular, on the hierarchical structure and pair-
wise comparisons. This model can provide one explanation of

how the decision-making is carried out. Section II gives more
formal definitions of AHP. In Section III, a neural network
model for decision making process is proposed. In Section
IV we show the neural network proposed works well without
any extra task even for the cases of incomplete pairwise
compariosn.

II. AHP
In the previous section we have explained AHP infor-

mally. We will here give a more formal definition of AHP.
As explained above, AHP decomposes the decision making
problem into a hierarchical structure consisting of alternatives,
A1,..,An, criteria, C1,..,Cm, and goal, G (see Fig.2). Then, let

Fig. 2. Hierarchy Structure of AHP

pij (i = 1,2,*** ,n, j = 1,2,*- - ,m) be the satisfaction of
criterion Cj with alternative Ai , and let c; be the importance
or weight of criterion Cj for goal G, satisfying EJi pij = 1
and E Cj = 1. Then, as shown in (1), the overall satisfaction
gi for the goal with alternative Ai can be calculated by

91 Pll P12 ... Pl] cl

92 |P21 P22 .. P2m | C22

9n Lpnl Pn2 ... Pnm c.m
For alternatives Ai and Aj, and criterion Ck, the pairwise

comparison ak > 0, which is a relative satisfaction of Ai
to Aj with respect to Ck, is given. Note that we obviously
require ai, = 1/ak - and ak = 1 for any i, j, and k. The
n-by-n matrix Ak = (atk) is called a pairwise comparison
matrix with respect to criterion Ck. Similarly, the pairwise
comparison ci2 > 0, which is the relative importance of Ci
to Cj with respect to goal G, and the pairwise comparison
matrix C = (cij) are defined as well.
Many methods have been proposed for obtaining the values

Pij or cj from the pairwise comparison matrix, Ai or C,
respectively. Among them, the eigenvalue method [12], the
logarithmic least squares method [1] [18], and the geometric
mean method are well known [15]. By minimizing some
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measure of consistency, each method tries to obtain the
values Pij or cj from pairwise comparisons as consistently as
possible. Although there is no consensus about which method
is best because there is no theoretical reason which measure of
concistency is best, the eigen value method is most frequently
employed in many literatures. The value, Pij, for example,
obtained by the eigenvalue method is an eigen vector toward
a maximum eigen value Am of a pairwise comparison matrix.
For example, satisfaction, Plk,P2k- - Pnk, of criterion Ck
with alternatives, A1, A2,.*** ,A are obtained by satisfying

Ak(Plk,P2k, "- -Pnk) = Am(Plk,P2k,.. ,Pnk)-

III. NEURAL NETWORK MODEL FOR DECISION-MAKING
PROCESS

A. Decision-Making as Optimization
Since aik is the relative satisfaction of alternative Ai to

Aj with respect to criterion Ck, we have a_ - Pik/Pjk, or
equivalently,

Pik = aijpjk

Then, by omitting k for simplicity and denoting Pik as zi
for generality to represent not only pil, but also ci, we will
consider the following optimization problem:
nX

minimize Z_ Z)2
i=l
n

subject to E_Z= 1
i=lI
zi>O (i=1,2,... ,n)

where 1
,~i= Y"'Eaijz3-n-1

i0ij.

(7)

(8)

Then, optimization problem (7) can be represented as an
unconstrained optimization problem given by

minimize E = 2Z(i_ Zi)2 +2 (,zi-1j
i=1 =

n

+a Z(Zt)2
i=1(3) (a > 0), (9)

where Pik and Pjk are the satisfaction of criterion Ck with
alternatives Ai and Aj, respectively. So, if all the values of
aik are correctly or consistently given, we have

=k k
pik = ai1pl = *= ajOnJk (4)

for any alternative Ai and criterion Ck. Then, if all the values
of atk are correctly or consistently given, we can obtain all
the values of Pik by solving the next simultaneous algebraic
equations with m unknowns,

Plk = (atlPlk + -*. + a pnkP)/n

Pmk =(aklPlk + + akMnPnk)/ni
or, since ak = 1 for any i, equivalently,

Pl k =(alkP2k + ---+ akn7Pnk )/(n-)

Pmk = (aklplk + + am,n-lPn-l,k)/(n-1).
Similarly, we can obtain all the values of cj if we can corre
or consistently give all the relative importance of criteria
for goal G. So, we can get all the overall satisfaction gi's
the goal with alternative Ai by (2).

However, as mentioned before, it is practically impossi
to give all the values of pairwise comparisons, ak, correctl)
consistently, and satisfy (4), (5), and (6). That is, none of th
equations hold, and so we cannot obtain the values of Pik
solving the simultaneous algebraic equations. So, we will h.
to find plausible values ofPik from those inconsistent ak. T
is the problem we have to solve in this paper. Those plausi
values of Pik satisfy the simultaneous algebraic equations
as closely as possible.

where zt = max{O, -zi}. The function shown in (9) is
called the extended objective function of the constrained
optimization problem (7). It is well-known that the optimal
solution to (9) is an approximate solution to the constrained
optimization problem (7) if a parameter a is large enough,
and is equal to the optimal solution to (7) if a is infinite [7].

Note that it is well known that, differently from (7), the
eigenvalue method can be represented as an optimization
problem as

(5) minimize max{--... }
Z1 Zn
Zl Znmaxmize min{-,-.., -}
Z1 Zn

n

subject to E = 1
i=l

(6) Zi > O (i = 1,2,. - ,n)

II (10)

and the logarithmic least squares method as

nT

minimize (lnzi -lnzi)2

Ti=I
subject to Ezi = 1

(11)
i=lz2.0 (i=1,2,7---,n)

Thus, as mentioned before, each method tries to obtain
the values zi from pairwise comparisons as consistently as
possible by minimizing or maximizing the different measure
of consistency such as (7), (10), and (11). The logarithmic
least squares method is employed, for example, by the aid of
the goal programming [1], [18].
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B. Neural Network Model

Using (9), we will propose a neural network model for
decision making process. Kennedy and Chua [6] proposed a
neural network, which is a modification of a Hopfield network,
for optimization problems defined by like (7) or (9). The
dynamics of their neural network for (7) are defined by

dzi aE
dt 8zi

1 n

2 aZ kkk)
n

2 _9E

a! _

2 &zi

n 2

'k=l )

wij =

-(1 + a)- ( 1)2 Ea2i - a(zi)
kn i

1 (aij + aji)
if i=j

1
1

(n - 1)2 E akiakj + a

if i$j

(14)

The networks are constructed using pairwise comparison
matrix, Ak, and C to obtain the satisfaction of criterion Ck
with alternatives and the importance of criteria, respectively.

-(FiZ-i)y (Zi zi)
n d

-E ( Zk-~Zk) a(ZkZk )
n' n

-a( Zk E-()- Zk)

-az+ (-zi)

= (Fi-zi)- n Zaki(Zk Zk)
k#i

-at Zk -1 + atz+k=l

= {-(1+aQ!) _ (- 1)2 >aki-a(zi)}Zi
kA~i

+ #{ n _ 1(aij + aji)

(n-i)2 > akiakj +a}Zi+ (12)(n-12kgi,j
where zi(i = 1, 2, - - -, n) is an output of neuron i, and q(zi)
is defined by

O(zi)= { °1
if zi > 0
if zj < 0. (13)

It has been proved that the network defined by (12) always
converges to the globally optimal solution to the problem (9)
[6], [9], which is an approximate solution to (7) if a is large
enough, and is the optimal solution to (7) if a is infinite,
as mentioned above. Note that although the above network
is similar to Hopfield network [5], differently from Hopfield
networks, it always arrives at the globally optimal solution
[17].

Then, the synaptic weight wij and threshold 9i are given

C. Simulations
Simulations of the neural network of decision-making pro-

cess are made for the School Selection Problem shown in
Section I. Although this problem is not large, it is commonly
used for simulations in literatures and that the problem size is
not so important for our network because our network always
converges to the globally optimal solution regardless of the
problem size, as mentioned before. The values of pairwise
comparisons we employ are the same as in [ 12], and are shown
in Table I and H.

TABLE I
PAIRWISE COMPARISONS OF SCHOOLS WITH RESPECT TO EACH

CRITERION

(a) Learning

|A B C

A 1.000 0.333 0.500

B 3.000 1.000 3.000

C 2.000 0.333 1.000

(c) School Life

A B C

A 1.000 5.000 1.000

B 0.200 1.000 0.200

C 1.000 5.000 1.000

(e) College Preparation

|A B C
A 1.000 0.500 1.000

B 2.000 1.000 2.000

1C.000 0.500 1.000

(b) Friends

A B C

A 1.000 1.000 1.000
B 1.000 1.000 1.000

C 1.000 1.000 1.000

(d) Vocational Training

A B C

A 1.000 9.000 7.000

B 0.111 1.000 0.200

C 0.143 5.000 1.000

(f) Music Classes

A B C

A 1.000 6.000 4.000

B 0.166 1.000 0.333
C 0.250 3.000 1.000

Following (14), seven neural networks are constructed
which are for the satisfaction of Learning with Schools, *-* *,
and that of Music Classes with Schools, and the importance
of the criteria. Simulations are made with a = 1000. The
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TABLE 11
PAIRWISE COMPARISON OF CRITERIA

initial values of neurons are selected at random. Note that
the convergence point of the network (14) does not depend
on the initial values of the neurons. Simulation results of
all seven neural networks, indicated as NN, are given in
Table III and IV, which show the satisfaction of Learning,
*.., or School Life with schools, and the importance of
criteria, respectively, together with those calculated by the
eigenvalue method, indicated as EV Using those values, the
overall satisfaction for the goal with schools, A, B and C, can

be calculated by (2). Table V shows the overall satisfaction
for the goal with Schools A, B and C, together with those
obtained by the eigenvalue method. Those two tables show
that two methods, the neural network and the eigenvalue
methods, give almost the same values, although there are

slight differences between them.

TABLE III

SATISFACTION OF EACH OF SIX CRITERIA WITH SCHOOLS

(a) Learning

A B C

NN 0.15 0.60 0.25

EV 0.16 0.59 0.25

(c) School Life

A B C

NN 0.45 0.09 0.46

EV 0.45 0.09 0.46

(b) Friends

A B C

NN 0.33 0.33 0.33

EV 0.33 0.33 0.33

(d) Vocational Training

A B C

NN 0.78 0.05 0.17

EV 0.77 0.05 0.17

TABLE IV
IMPORTANCE OF CRITERIA

Cj C2 C3 C4 C5 C6

NN 0.372 0.123 0.002 0.128 0.246 0.129
EV 0.32 0.14 0.03 0.13 0.24 0.14

TABLE V

OVERALL SATISFACTION WITH SCHOOI.S, A. B AND C

A B C

NN 0.35 0.40 0.24

EV 0.37 0.38 0.25

the seven neural networks, which are surrounded by a dotted
line, work independently and simultaneously to give outputs
in the manner explained in Section III. These outputs are then
provided to sigma-pi neurons, represented as double circles,
to satisfy (2). Those sigma-pi neurons output the overall
satisfaction, SA, SB and SC.

3 (g23 > SA

' SB

(e) College Preparation

A B C

NN 0.25 0.50 0.25

EV 0.25 0.50 0.25

(f) Music Classes

A B C

NN 0.69 0.09 0.22

EV 0.69 0.09 0.22

In the simulations shown above, we have employed the
seven neural networks separately, and then their outputs have
been used to calculate the overall satisfaction for the goal
by (2). However, by integrating those seven neural networks
as shown in Figure 3, we can directly obtain the overall
satisfaction by one neural network. In this integrated network,

Fig. 3. Neural Network for Overall Satisfaction with Schools Using Sigma-
Pi Unit

IV. NEURAL NETWORK WITH INCOMPLETE PAIRWISE
COMPARISON

So far, all the elements of the pairwise comparison matrix
are given. However, it is sometimes very difficult to give all
the pairwise comparisons because some of them are unknown
or uncertain. A pairwise comparison matrix with some unspec-

ified elements is called an incomplete pairwise comparison
matrix. Although the eigenvalue method, for example, require
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Ci C2 C3 C4 C5 C6
C1 1.000 4.000 3.000 1.000 3.000 4.000

C2 0.250 1.000 7.000 3.000 0.2000 1.000

C3 0.333 0.143 1.000 0.200 0.200 0.166

C4 1.000 0.333 5.000 1.000 1.000 0.333
C5 0.333 5.000 5.000 1.000 1.000 3.000

C6 0.250 1.000 6.000 3.000 0.333 1.000



some bothersome preprocessing to deal with the incomplete
pairwise comparison matrix, our neural model can work well
without any such extra task. In the same way as the neural
network in Section III, the neural network for incomplete
pairwise comparison is defined to solve (9) except that Zi is
defined as the average of all the zi's whose values are given.

Simulations are made for all the incomplete pairwise
comparison matrices of C, each of which lacks only two
elements, cij and cji = l/cij, for some i and j. So, there
are 15(= 5 + 4 + -.. + 1) incomplete pairwise comparison
matrices of C. In Table VI, togather with the importance of
criteria shown in Table IV for complete pairwise comparisons,
simulation results for imcoplete pairwise comparisons are
shown, where for each ci, all the values are averaged over
all the 15 simulations. Table VI shows that the average value
of the importance of the criterion for incomplete pairwise
comparison is very close to that shown in Table IV for the
complete pairwise comparison matrix. So, we can say that
our neural network also works well for incomplete pairwise
comparison.

TABLE VI
IMPORTANCE OF CRITERIA FOR INCOMPLETE PAIRWISE COMPARISON

[7] H. Konno and H. Yamashita, ed., "Non linear programing", Nikkagiren,
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Representation and Inference," Lawrence Erlbaum Associates, 1994.

[9] C. Y. Maa and M. A. Shanblatt, "Linear and quadratic programming
neural network analysis", IEEE Trans. on Neural Networks, vol.3,
pp.580-594, 1992.

[10] S. Matsuda and H. Matsuike, "A proposal of the neuron model of the
decision making method ANP", IEICE Technical Report, NC2003-3,
2003, in Japanese.

[11] R. G. Reilly and N. E. Sharkey ed., "Connectionist Approaches to
Natural Language Processing", Lawrence Erlbaum Associates, 1992.

[12] T. L. Saaty, "The Analytic Hierarchy Process", RWS Publication, 1972.
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[14] M. Sun, A. Stam, and R. E. Steuer, "Solving multiple objective pro-

gramming problems using feed-forward artifi cial neural networks: the
interactive FFANN procedure", Management Science, vol.42, pp.835-
849, 1996.

[15] 1. Takahashi, "From AHP to ANP", in "The Theory and Practice of
AHP", E.Kinoshita ed., Nikkagiren, 2000, in Japanese.

[16] J. Tamura, Y. Anzai, "Natural Language Processing System based on
connectionist model", J. Information Processing Society Japan, vol.28,
no.2 1987, in Japanese.

[17] Y. Xia and J. Wang, "A General Methodology for Designing Globally
Convergent Optimization Neural Networks", IEEE Trans. Neural Net-
works, vol.9, pp.1331-1343, 1998.

[18] C. Yu, "A GP-AHP method for solving group decision-making fuzzy
AHP problems", Computers & Operations Research, vol.29, pp.1969-
2001, 2002.

C1 C2 C3 C4 C5 C6

complete 0.372 0.123 0.002 0.128 0.246 0.129

imcomplete 0.369 0.123 0.005 0.127 0.245 0.130

V. CONCLUSION
Based on our insight that the intellectual information pro-

cessing human beings carry out is an optimization process, we
have presented a neural network model for decision making
process. It has been shown that the decision made by the
proposed neural model is reasonable as compared with that
made by an other traditional approach such as the eigenvalue
method. The model is also shown to be very effective for more
practical situations such as incomplete pairwise comparisons.
It also has the advantage that its practicality may be improved
using fuzzy technology [18]. Finally, we are currently devel-
oping a neural network model based on the Analytic Network
Process [13], abbreviated as ANP, which is a more precise
model of AHP.
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